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ASYMPTOTIC ANALYSIS OF THREE-DIMENSIONAL DYNAMIC EQUATIONS
FOR THIN TWO-LAYER ELASTIC PLATES*

I.V. SIMONOV

In accordance with the method described in /1-3/, a derivation of
two-dimensional equations of motion is given for a thin two-layer
(non-symmetric) elastic plate. The mean values of the bending
stiffness, the density, and Poisson's ratio are found, and the position
of the middle plane is determined. In the coordinate system attached to
this plane, the system of equations is separated into quasistatic
equations for the longitudinal motion and a dynamic equation (of the
ordinary kind) for the transverse component of the displacement. Unlike
/1-3/, only one characteristic dimension in the longitudinal direction
is introduced, which turns out to be sufficient and simplifies the
analysis. Formulae of the complete field of stresses are provided.

Stresses, which are of secondary importance for homogeneous plates, may
be essential when the strength of the joint of the layers is consider®d.

1. Formulation of the problem. We shall consider a two-layer occupying a domain that is
bounded or unbounded (in one or both directions). We denote by h;, p;, E;, and v; the thick-
ness, the density of the material and the elastic characteristics of the upper layer (i = 1)
and lower layer (i = 2). We choose an orthogonal system of coordinates as shown in the figure.
The xy-plane is parallel to the plane of the plate and the values z = z,, 2y, 'zz determine the
plane of complete contact of the layers and the face planes of the plate. On these boundaries
we impose the following conditions:

=T &) 2=z (@=§n,0)

1 2 1 (2)
@ =18, VO=V® g

(1.1)

where ' T and V = (v, vy, v;) are the dimensionless components of the stress tensor and the

displacement vector, and 1§} are given fairly smooth functions of the longitudinal coordi-
nates and time 1. We use different normalization of the functions and different scale ex-

tension for different directions:
Ooap = EiTan u=~hryv, 2r= hl + hy
.y =1En),z=hr,t=tr e=hI

Here | is the least characteristic linear dimension of the pattern of deformation in the
longitudinal direction, and ¢, 1is the characteristic time defined as follows:
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773

to=evlc', ¢ =VE/p

where the parameter Y characterizes the variability of the state of stresses and displacements
in time (below we consider the approximation y = 0).
The quantity 1 has, especially in dynamics, a somewhat con-
2 ditional character, and often can only be estimated a posteriori.
Nevertheless, it is necessary to introduce it in the asymptotic
analysis since the accuracy of the asymptotic equations can be
9, defined only by means of the order of magnitude of the ratio
VZ h/l. Besides, unlike /1-3/, the least characteristic dimension
VA of the plate in longitudinal directions L is considered below
% x only as the upper bound of !(I<{L) and does not take any
E25vy part in the analysis.
Zy The three-dimensional dynamic equations of the theory of
elasticity in dimensionless variables have the form (the index
i =1,2 is sometimes omitted)

=0 @=tn) (4-2)

£y

% uﬂ
< + Ap — 2 (1 + v) Ci

ar'
%
% e ww 0ify
6C,+A; € Ci — =0, C—Eipl
e Fvy Ea
4y =15 apat + 1= ap == divv + e?Avy

[
4y = A= 3C = divv + 'z(i_')_ e?Avy

V= (Vg vn), A=20%Y0E 4 8d?, divv = Bug/dE + Buy/on
o 3
_k*—‘f+}.,ed1vv+2p‘ Wﬁ_ . 1';:()»,“+2;1,,‘)—6%c + A edivv

v, a av
m———u*e( : 4 ag) TBE—P'*( B apc)
7~*=V[(1—2V)(1+V)]‘: Ph.==1/n(1+\’)1

To solve system of Egs.(1.2), we shall use expansions of the functions being sought in
asymptotic series in a small parameter & /1-3/ (the summation index varies from s=0 to
§ = 00)

vg = 1 Newd, vy = e Nev

(1.3)
Ta = [ 2 8372) ) Ti'ﬂ = g¥i2 ?J a‘tf'ﬂ’ TBC = gl 2 83 (S)

Egs.(1.2) after substituting (1.3) can be integrated with respect to [, which generates

representations of the functions v}f’, ... as partial sums of the series in powers of {:
K41 ,
8
P= X vk o = Z L (1.4)

K+1 K K~-1
W= 2 e wi= 3 Ul W= 3 UG
k=0 k=0 k=0

where K =2m if s=2m or s =2m + 1. The index a takes the values §, v, and {, and
the index f§ =, 7.

From Egs.(1.2) we obtain recursion relations for the components v¥), which enables us

to determine the components in terms of the quantities known from the foregoing approximations:

o Gl 1.5
(k4 2 (k4 1) ofdas + §50 7 v + gy g div v + -9
2) agvas—ld'!'v)
Auﬂk 2('1+V)C———-a—1_’———0 (k=0,1,,...,K—1)

(k -+ 2) (b + 1) v + e div v + 2 Ay —

d—290+v *”"‘c’?‘*m
1—v ¢

=0 (k=0,1,...,K—2)



774

Moreover, we have the equations expressing the connection between the components of the
stresses and the coordinates of the components of the displacements obtained as a result of
substituting expressions (1.3) and (1.4) into Hook's law

l3—2)

f:‘ﬁl =(k+1) }"*U;kq.l + 2p,, —-T + A, div v (1.6)
oy =k + 1) (hy + 2p) 0§y + Ay divvi™?
011 r \® . Oy \(8)
I e e R TN (e
2. The case 8=0, 1, K—0. Under the assumption v << 2, it follows from the system

of Egs.(1.2) written for the s-components of the functions without expanding them in the ¢ -
coordinate that
v = vty + Lo, =2 Wl T = (hy + 2p,) vy @1

Moreover, considering the possibility that arbitrary boundary conditions (1.1) can be satisfied,
we obtain ‘r{; = vé =0 in the same way as in /1-3/. This means that the guantities satisfy

the following system of relations for s =0, 1:

s ( .
v =t =10=0, o =0uf), o =0ol) + 0l 2.2

o) 2 G, \O)
(8) 3
Uf'sl + 65 = Ov Ten = My ( n - a_g‘.)

Moreover, from geometrical conditions (1.1) for the join of two layers and from equalities
(2.2) we infer that

1,s 2, (1, 3
v = v%Y, vl = u® (2.3)

where the digit in each superscript means that the given guantity refers to the 1lst or the 2nd
layer. Consequently, equalities (2.3) enable us to omit completely the first superscript of
each of the above functions.

3. Quasistatic equations for the longitudinal components of the displacement (the case
8=2,3, K=2). We shall dwell on the question of finding the value of y under the
assumption that the ratios of the moduli of elasticity and of the densities of the layers do
not introduce any new small or large parameters into the problem (otherwise, the analysis below
would have to be modified).

For 7 <0, we obtain quasistatic equations for all components of the displacement. The
equations hold if the external conditions change very slowly. The choice y>>0 involves
inertial terms that appear in the basic equations for both the longitudinal and the transverse
components of the displacement. For the inertial terms to become significant in the equations
for the longitudinal motion of the plate, the characteristic time should be commensurate with
the time needed to traverse the length L of the plate. If ¢, << Le;y™t =1, it does not matter

whether we take the additional terms into account in the equations for the longitudinal motion
(in practice, it is sufficient that 2f, <Ct)).

In what follows we shall consider the intermediate case y = 0. The physical meaning
of this equality is that the characteristic time ¢, of the variablility of the state of stress
and deformation is approximately &! -fold greater than the time it takes the elastic wave to
traverse the distance 1. For harmonic oscillations of period T and of characteristic wave-
length in the longitudinal direction A ~ 2I, the condition y =0 can be rewritten as a
restriction for the frequency o = 2n/T ~ 4mhc A2

For the stress normal to the plane of the plate, we have 1: CT(") (CO) This arbitrary
behaviour of the function 1}’ with respect to the ([ -coordinate is insufficient for arbitrary
conditions on the face surfaces to be satisfied in the given order with respect to s. By

analogy with the cases of a homogeneous plate /1-3/ and a symmetric three-layer plate /2/, it

is required that
7@ =0, $§=0,1,2,3 3.1

should be set for the plates, which means that this stress is asymptotically small compared
with the other stresses. The condition «t3® —=0(s=0,1) obtained earlier complies with the
Kirchhoff-Love hypothesis. The relations below follow from conditions (3.1) and Egs. (1.5):
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u + ou% =0=div v{? = — Avg,'” 3-2)
(s) + dlv v(s 2) =0, ZU?,) Au 82 _ __ 1 dlv v(o—:)

o
zv(s) + v%l 1:{:: % div v(a-a) + Av&")=0

a
0+ S - a0 629

For s = 2,3, we rewrite the three conditions for the stress 15 on the face planes and

on the plane of contact in terms of  1j%, eliminating tf}” and tf},” from these equations.

We obtain the relation
2 N
3 (=) By 85§ 4 €0 — L)t + (G — L) th} =0 (3.3)
i=
6:=1y. 5:"=0, m#s

From the basic Eqs.(1.6), taking into account the last two equations in (3.2), we have

1 (s-2) 1 5-3)

(8)
W = — gy o AW — g S
0) ) o8 1 (-2)
W =z (3”8” - ) Ty 3 ot

Substituting these expressions into (3.3), we obtain the required equations for the
longitudinal motion

L—t ta—t s t1— (3.5)
(11—1:10 —e 1’—vo )levv()+( 11+‘v€o _e E v; )

( C:'-—;: —e —C,

11— 1—w}

)TA”co- — 28} (fY — et ( =T’,_ s=0, 1)

The equations for the transverse motion will be obtained in an analysis of the case
s =4, 5. To complete the investigations for s = 2,3, we give the formulae for the stresses
with the greatest order of magnitude with respect to e:

T =80t + G — L) Tl + (6 — E) vl o =i + o) (3.6)
{s—2) 2, (—2)
(® (s-2) 1 dvgy ® _ o2 1 Oy
Tgo = sdivve " + Fv g ™= + Avge EETaar

—2
Ugo )

where the functions Tgﬂ)k are expressed in terms of by formulae (3.4). The quantities

v, @) (= 2,3) are higher approximations compared with the displacements »** and the

stress  1iy”

and are determined in the following step.
4. Equations for the bending motion of the plate (the case s=4,5). Since 1§}=0 for s< 4,

the choice of the value x — —4 follows from the condition that the surface load is indepen-
dent of the dimension h and the next term of the expansion of v, in a series in ¢ does not

vanish. We eliminate the function ;¥ and <t{f” from the conditions for the stress T

on the planes z=z;(j =0,1,2):

,§1(—1)'E[Z(Co—€r)f“ 9 4 84efR] =0 (4-1)

We express the components ’tu (k =1,2,3) appearing in (4.1) in terms of vé = First,
by using the equations of motion for the [ -components of the displacement, we eliminate

vty from Hooke's law (1.6) for these quantities
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¢y o v v Ba A (s-3)
TLh = T aw (1% div Vi - % AU;I:—:

For k = 2,and3,we obtain expressions for divvi™® from the first two of the equations of

motion (1.5) by replacing %k + 2 by k and applying the divergence operator to both sides of
each of the equations:

div v = (2 — v) (kv) Avf72)

where a consequnence of the second row of formulae (3.2) is taken into account. Using the

equality ﬂ;ﬂ =0 with k=2,3, we find that it follows from the foregoing formulae in
conjunction with the second and third equalities in (3.2) that

(8)

1 . (s-0) () _ 1 (s~4)
0 = g A div Vo T = — gy A0 (4:2)

To transform the expression for the component 1, we use condition (1.1) for the
stress T and equalities (3.4) and (3.6):

2 . i E? (s-4)
) = {Ca A —80dive) — i Adivy, + T AAv;o]
k] i

We substitute into (4.1) the expressions we found for the guantities 9, and after
some transformations we obtain the final expressions

(4.3)

829
AAAVE + dy L = 80l — erf®) + 82 div (bt + ehgtd + phdv)

g 2l B o e@Ltl) g mpith
PR e(—) M o B—s3) "~ ! koy

2 2
hi ehy

= — =0,1
212 (1 — +%) 2k% (1 —»3) (s )

Po

If the coordinate system is fixed so that the coefficient-associated with Avg,®/8f  in
(3.5) vanishes, then the system of Egs.(3.5) and (4.3) can be separated into a system of
quasistatic equations for the longitudinal components of the displacements vge® only and
into dynamic equations for the transverse motion in the same way as in the case of a homogeneous
plate /3/. Using this condition one can uniquely determine the position of the middle plane.
Namely, for the coordinate {, = z,/h, we have

I T ki (— 1) 11—+
Q_Zh(uohz-j-hl)’ G=%— 2 v H=e 1—\; (44)

The relations below follow from Egs.(3.5):

hyh1 ehgh™1 ]—1

divAv) =Adiv v =—g,8} div(t{’ — 1), ¢, = [ " (4.5)

2 2
—v 1—w;

The operators A and div commute in Cartesian coordinates. Substitution of the expressions
for div Av,® into Eq. (4.3) leads to independent equations for the main part of the transverse

displacement.
Egs.(3.5) and (4.3) are obtained by construction to an accuracy O (e?) from the three-

dimensional equations of the theory of elasticity. The classical boundary conditions of the
theory of plates constitute natural boundary conditions for these eguations. The inaccuracy
of the solutions introduced by integral conditions on the butt-ends depends, generally
speaking, on the choice of these conditions (it is possible to state accuracy boundary con-
ditions /4/), but in the cases considered earlier in /1-4/ it does not exceed Of(e) anywhere
in the domain of definition except for the boundary layer. For a multilayer plane this
guestion calls for a separate treatment.

Since the problem is separated, it is advisable to state formulae describing the reactions



caused separately by the normal load and the tangential load. 1In this connection, we make an

implicit assumption about the presence of homogeneous boundary conditions for the displacements
and their derivatives on the butt-ends of the plate.

5. Complete systems of equations describing the fields of displacements and stresses in

the two~dimensional theory. When only the normal load is applied (1§ = 0), the coordinates
vg)’ v;;g,,g; (s =0, 1) of the displacement will vanish. The single equation for the transverse dis-
placement u, = hvy (‘” and the expressions for the stresses and longitudinal displacements in

terms of the t‘a".s"erse displacement written using dimensional variables have the following

form (see formulae (1.3), (2.1), (2.2), (3.4), (3.6), {4.2) and {4.3)):

By
D*AAuz + Zh.o.-a atiz = Ugli) —_ G?e)
Dy =1doEy,  py = (2B (prhy + pohs)
2E

o~
ot
-
~—

PP S | . T O VTS i TN [P
P % N 1_v%‘_‘ z T\ i) | W=5Y)
I i B S et T I
Vay = T+v, azay" Foz = & im%"‘“’
G.E,
FE.;hC m’ -+ G; i (0(2) (1))+U(1)
Fi=C; + 4,6, Gi:lw_
' 6dgh® (1 — %)
/51& 8%\ P
2
M= — Dy (5 + v o~ ) Qu=—DyiBu, (2 y)
o
My=—D,(1 —v,) 2
Ve Gxdy

k.3,

Here we also give expressions for the bending moments and shear forces. They are obtained
by integrating the stresses using the usual integral representations for these quantities.

The moments are evaluated with respect to the middle plane, whose position is determined by
formula (4.4).

Thus, it is proved that all the relationships of the classical theory of bending are
preserved in the coordinate system fixed according to formula (4.4) with the mean values of
the bending stiffness D,, the density p,, and Poisson's ratio v, being used in the equation
of motion and in the expressions for the moments and forces in (5.1). These parameters turn
into those of a homogeneous plate if the appropriate passages to the limit are performed. All
the remaining formulae for the stresses and longitudinal displacements (except for the formula
for the stress g¢,) are identical with the classical formulae inside each of the layers. The
bending stresses undergo a discontinuity on the boundary between the plates, while the other
quantities are continuous on this boundary. The behaviour as h— (¢ 1is in agreement with
the case of a homogeneous plate.

uz~h“3,v Upy Tps ny~h-21 0'pz""’h'-l! Uz~h0

The reaction of a two-layer plate caused by a r_dngenu.cu. load is descriped in the main
part by the following system of relations. All coordinates of the displacements with the index
s =0 vanish. From formulae (1.3), (1.4), (2.2), (3.5) (3.6) and (4.2)-(4.5), we obtain
the equations for the remaining coordinates of displacements and the expressions for the
stresses written in dimensional form

o e e mloats maiiead e a b o b S oA

-1, (1) @) Ny
Au, + pV u1vu0=4q+ E; (0x — ox ),, u, = Avg

D AAu, + 2hp, W = hp, div o) — hp, div ¢¥’

—
e
-]

~

l"p=umy—1—i (P=f'3 )

39
. E
a®) = i I—v;,divun—!—(i ——v.;) —] — [(ViAuz +(1-—wvy) :—]
P 1—vi L ¢ Todp d 1—v 4
0 — o) R A4 g o
Opz = +—2(1—TE (\ divu, + 1+ Au"") + 2(1— %) B 55 dua

o a“xo O a”uo 9 P
*v 2(1+v) ax dzdy
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%Ei (z— ’{)’
2hE; (1 — vf)

(z — z;) o8 + kG, ;:— (P — pluﬁ’))}

— hy ehy \1 __ 4 il
qi_(ii\‘x + 1:‘:\’:) ' p_q_t" Pi=ano——(—’1) T

i = u .
of" = hei*FiE, -;t,—z + div (08 — o) —

where of’ is a vector representing tangential forces imposed on the face sides.

Egs. (5.2) have the same form as the analogous equations for the longitudinal motion of a
plate given in /3/. If v, =wv, E, =E, or hy =0 (i =1or 2), the equations are completely
identical. Variable tangential forces result in a non-vanishing longitudinal displacement,
which obeys the second equation in (5.2). This equation differs from the dynamic equation in
(5.1) by a free term only. For a constant tangential load, u,=0 and the system of relation-
ships (5.2) becomes much simpler. The order of all quantities with respect to h as h—0 is
less by one than in the case of bending.

The author wishes to thank M.I. Gusein-Zade for his help.
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